Let G be a simple connected graph. A doubly connected dominating set S ⊆ V (G) is said to be a secure doubly connected dominating set of G if S = V (G) or for each u ∈ V (G)\S, there exists v ∈ S such that uv ∈ E(G) and (S\{v} ∪ {u}) is doubly connected dominating set. The secure doubly connected domination number of G, denoted by γ scc (G), is the minimum cardinality of a secure doubly connected dominating set of G. In this paper, we characterized the secure doubly connected domination in the join of two graphs and obtain that 2 ≤ γ scc (G+H) ≤ 4 for non-complete graphs G and H. Characterizations for γ scc (G+H) = 2 and γ scc (G + H) = 3 are also given.
Introduction
In [2] , we introduced the concept of secure doubly connected domination and obtained many interesting results. In this paper, we characterized this parameter for the join of two graphs.
For any graph G, a set S ⊆ V (G) is a dominating set of G if for every v ∈ V (G)\S, there exists u ∈ S such that uv ∈ E(G). The domination number of G, denoted by γ(G), is the minimum cardinality of a dominating set of G.
In this paper we consider only simple graphs. A dominating set S ⊆ V (G) is called a connected dominating set of G if the subgraph S induced by S is connected. The connected domination number of G, denoted by γ c (G), is the minimum cardinality of a connected dominating set of G. A connected dominating set S of G with |S| = γ c (G) is called a γ c -set.
A connected dominating set S ⊂ V (G) is called a doubly connected dominating set of G if the subgraph V (G)\S induced by V (G)\S is connected. The doubly connected domination number of G, denoted by γ cc (G) , is the minimum cardinality of a doubly connected dominating set of G. A doubly connected dominating set S of G with |S| = γ cc (G) is called a γ cc -set.
A connected dominating set S ⊆ V (G) is a secure connected dominating set of G if for each u ∈ V (G)\S, there exists a vertex v ∈ S such that uv ∈ E(G) and (S\{v}) ∪ {u} is a connected dominating set. The secure connected domination number of G, denoted by γ sc (G), is the minimum cardinality of a secure connected dominating set of G. A secure connected dominating set S of G with |S| = γ sc (G) is called a γ sc -set.
A subset S of V (G) is a secure doubly connected dominating set of G if S = V (G) or S is a doubly connected dominating set of G such that for each u ∈ V (G)\S, there exists v ∈ S with uv ∈ E(G) and (S\{v}) ∪ {u} is a doubly connected dominating set. The secure doubly connected domination number of G, denoted by γ scc (G) , is the smallest cardinality of a secure doubly connected dominating set of G. A secure doubly connected dominating set S of G with |S| = γ scc (G) is called a γ scc -set.
For more details on the concept of secure domination see the following papers [3, 5, 6, 7, 10] and for the doubly connected domination see [8] . For any undefined terms, see [9] .
The following results are necessary to prove our main results and these can be found in [1] . Theorem 1.1 [1] Let G and H be any graphs of orders m ≥ 2 and n ≥ 2,
respectively. Then S ⊆ V (G + H) is a doubly connected dominating set of G + H if and only if at least one of the following holds: (i.) S ⊆ V (G) is a connected dominating set of G, where H is connected if S = V (G); (ii.) S ⊆ V (H) is a connected dominating set of H, where G is connected if
S = V (H); (iii.) V (G) ⊆ S, V (H) ∩ S = ∅, and V (H)\(S ∩ V (H)) is a connected subgraph of H; (iv.) V (H) ⊆ S, V (G) ∩ S = ∅, and V (G)\(S ∩ V (G)) is a connected subgraph of G; (v.) 1 ≤ |S ∩ V (G)| < m and 1 ≤ |S ∩ V (H)| < n. Theorem 1.2 [1] Let H be any graph of order n ≥ 1. Then S ⊆ V (K 1 + H) is a doubly connected dominating set of K 1 + H if and only if either S is a connected dominating set of H or S = V (K 1 ) ∪ E, where V (H)\E is connected.
Main Results
The next result characterizes the secure doubly connected dominating sets in the join of any two graphs. For theorem 2.1 and Corollary 2.4, we exclude the case when both G = K 3 and H = K 3 . 
Proof : Suppose S ⊆ V (G + H) is a secure doubly connected dominating set of G + H. Consider the following cases:
Since S is a secure doubly connected dominating set of G + H, there exists v ∈ S ∩ N G (u) such that (S\{v}) ∪ {u} is a doubly connected dominating set of G (hence, a connected dominating set). By Theorem 1.1 (i.), S is a secure connected dominating set of G. Using similar argument and by Theorem 1.
Consider the following subcases:
. Then (S\{y}) ∪ {u} = {x, u} is disconnected which is a contradiction. Thus, ux ∈ E(G) and hence {x} is a dominating set of G.
This implies that (S\{x}) ∪ {u} is disconnected, contrary to the fact that S is a secure doubly connected dominating set of G + H. Hence, S ∩ V (H) is a dominating set of H. Similarly, let {y} = S ∩ V (H). Using similar argument, we can show that S ∩ V (H) is a dominating set of G.
The converse is clear. 
, where x 1 , x 2 ∈ V (G) and y 1 , y 2 ∈ V (H). By Theorem 2.1 (vi), S is a secure doubly connected dominating set of G + H.
Note that every secure connected dominating set (see [4] for detail) is a secure dominating set and for any non-complete graph G, γ s (G) ≥ 2. Thus, we have a remark. 
Proof : Suppose γ scc (G + H) = 2. Let S = {u, v} be a secure doubly connected dominating set of G + H. Consider the following cases:
Then by Theorem 2.1 (i), S is a secure connected dominating set of G. Thus, γ sc (G) ≤ |S| = 2. Since G is not a complete graph, γ sc (G) ≥ 2 by Remark 2.5. Hence, γ sc (G) = 2. Case 2. u ∈ V (G) and v ∈ V (H) By Theorem 2.1 (v), {u} is a dominating set of G and {v} is a dominating set of H. Thus, γ(G) = 1 and γ(H) = 1.
Proof : Suppose γ scc (G + H) = 3, say S = {x, y, z} is a secure doubly connected dominating set of G + H. Consider the following cases:
Suppose |S ∩ V (G)| = 2 and |S ∩ V (H)| = 1. Take x, y ∈ V (G) and z ∈ V (H). Then by Theorem 2.1 (iv), {x, y} is a dominating set of G.
The converse is obvious.
Theorem 2.8 Let H be any graph of order
n ≥ 1. A subset S of V (K 1 + H) is a secure doubly connected dominating set of K 1 + H if
and only if either (i) S ⊆ V (H) is a secure connected dominating set of H and (V (H)\S) ∪ {v}
is connected for some v ∈ S, or
where D ⊆ V (H) and the following hold whenever
is connected for some u ∈ D with uy ∈ E(H).
Consider the following cases:
Since S is a secure doubly connected dominating set of K 1 + H, there exists v ∈ S such that av ∈ E(K 1 + H) and (S\{v}) ∪ {a} is a doubly connected dominating set of K 1 + H. If a = x, then a ∈ V (H)\S. This implies that (S\{v}) ∪ {a} is a connected dominating set of H. Thus, S is a secure connected dominating of H. If a = x, then (S\{v}) ∪ {x} is a doubly connected dominating set of
Then there exists u ∈ D such that uy ∈ E(H). Thus, (S\{u}) ∪ {y} or (S\{x}) ∪ {y} is a doubly connected dominating set of K 1 + H from our assumption. If (S\{u}) ∪ {y} is a doubly connected dominating set of K 1 + H, then
The converse is clear.
Corollary 2.9
Let H be a connected graph of order n ≥ 1. Then
then we are done. So suppose S 1 = V (H) and S 2 = V (H). Then S 1 is a secure connected dominating set of H and V (H) \ S 1 is connected. Hence, (V (H) \ S 1 ) ∪ {v} is connected for any vertex v of H. Thus, by Theorem 2.8(i), S 1 is a secure doubly connected dominating set of K 1 + H. On the other hand, since V (H) \ S 2 is connected, it follows from Theorem 2.8(ii) that S = V (K 1 ) ∪ S 2 is a secure doubly connected dominating set of K 1 + H. Therefore
Remark 2.10
The strict inequality in Corollary 2.9 can be attained. However, the given upper bound is sharp.
To see this, consider the graphs shown in Figure 1 . The set A = {x 1 , u 1 } is a γ scc -set of G 1 , the set B = {u 1 , u 2 , u 3 } is a γ sc -set of H 1 , and the set C = {u 1 } is a γ cc -set of H 1 . Thus,
Since G 2 and H 2 are complete graphs, we have
Moreover, you can see that γ cc (H 3 ) = 9. We can also show that γ sc (H 3 ) = 9. The shaded vertices form a secure doubly connected dominating set of 
Proof : Let C be a component of H with q = |V (C)| − γ sc (C) and let
Remark 2.12
The strict inequality in Corollary 2.11 can be attained. However, the given upper bound is sharp.
To see this, consider the graphs shown in Figure 2 . The shaded vertices in G 1 form a γ scc -set of G 1 and shaded vertices in G 2 form a γ scc -set of G 2 . Let 6 } is a secure connected dominating set of C H 2 . Thus, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
